We investigate the accuracy aspects of weak boundary conditions for the Navier-Stokes equations. As a model problem, the linear advection-diffusion equation for a boundary layer problem is analyzed. The analysis shows that the weak boundary conditions are advantageous compared with the strong boundary conditions. We exemplify the analysis of the advectiondiffusion problem by doing Navier-Stokes calculations and show that most of the conclusions for the model problem hold also for that case.
INTRODUCTION
Accurate calculations of global coefficients, such as lift or drag, are very important for the aerodynamics design of aircrafts, space vehicles and railcars. These quantities depend on the accuracy of the scheme close to the solid boundaries in the flow field. High order finite difference methods (HOFDM) provide an efficient approach for such cases. The efficiency of HOFDM can be used either to increase the accuracy for a fixed number of mesh points or to reduce the computational cost for a given accuracy by reducing the number of mesh points [6] . The drawback with HOFDM is the complicated boundary treatment, required to get a stable method.
We have considered summation-by-parts (SBP) operators [2, 4, 6, 8, 9, 10] , whose accuracy is now well established. These operators in combination with weak boundary procedures like the simultaneous approximation term (SAT) method [1] always lead to stability. On the other hand, there is no general procedure to obtain stability when using strong boundary conditions and high order difference schemes. It can be shown that strong boundary conditions may ruin the stability [5, 7] , even for low order operators. If the strong solution is stable, then the weak and strong solutions are the same in the limit of very fine meshes.
In [11] , a high order accurate finite difference scheme for the compressible Navier-Stokes equations which is stable due to the use of the weak boundary conditions and summation-byparts (SBP) operators was presented. The weak imposition of no-slip boundary conditions was considered in [12] and stability and accuracy were discussed. In this paper we extend this analysis and focus on the accuracy aspects of the no-slip weak boundary conditions, especially for coarse realistic meshes. We analyse the linear advection-diffusion equation and make comparison of the weak boundary conditions with the strong boundary conditions for coarse and fine meshes. We extend the analysis for the model problem to Navier-Stokes equations and make comparison of the results.
The rest of the paper will proceed as follows. In section 2 we give some concepts and basic definitions. In Section 3 we introduce our model problem and derive energy estimates for the semi-discrete case and find conditions under which the numerical scheme will be stable. In section 4 we perform a steady-state analysis of our model problem by solving exactly the second order difference equation for the weak and strong boundary conditions and prove the convergence of the weak solution to the strong solution. In section 5, computations and additional analysis are done for second and fourth order schemes. In section 6, we consider the compressible Navier-Stokes equations for boundary layer flows and make numerical experiments. The numerically computed results are compared with the Blasius boundary solutions. A study of slip velocity is done in section 7. We summarize and draw conclusions in section 8. All operators are given in Appendix-1.
DEFINITIONS
To describe the numerical scheme, we need the following definitions. The
The numerical approximation at grid point j x is denoted j v , and the discrete solution vector
The derivative x u is approximated with a finite difference approximation such that it satisfies the SBP property, i.e.
The derivative xx u is approximated with a compact finite difference approximation which also satisfies the SBP property, for more details see [4, 6, 8, 9] 
We define an inner product and corresponding norm for discrete real-valued vector functions
More details on all the operators defined in (1) - (3) is given in appendix-1.
THE ADVECTION-DIFFUSION EQUATION
Consider the following advection-diffusion problem in one space dimension,
and a << ε . It can be shown that (4) is well-posed. For more details on the subject of well-posedness, see [2, 4, 6] .
The semi-discrete problem
The semi-discrete approximation of (4) using SBP operators, including the weak implementation of the boundary conditions, can be written as
The parameters 0 β and 1 β are known as the penalty coefficients. The energy method applied to (5) with 0 
both the matrices in (6) are negative semi-definite. Also, for
, the matrix R is positive semi-definite and hence (5) has an energy estimate. For more details on stability, see [4] . With strong boundary conditions, (5) is used at the inner points only (without the penalty terms).
The exact continuous steady-state solution
For equation (4) 
THE EXACT NUMERICAL STEADY-STATE SOLUTIONS
The steady-state second order difference equation for our model problem (4) is given by ( ) (9) Note that (9) corresponds to the steady-state version of (5) at inner points. The general solution to (9) are determined by the boundary conditions. From here onwards, the solution with weak boundary conditions will be denoted the weak solution and the solution with strong boundary conditions will be denoted the strong solution.
The strong solution
Applying strong boundary conditions 0 , 1
, and using (10) we get
The strong solution is given by inserting (11) into (10).
The weak solution
The steady-state version of (5) at the boundary points 0 x and N x gives us (see Appendix-1)
Relations in (12) together with (10) give us the values for
The weak solution is given by inserting (13) into (10). Proof We know that the discrete strong and weak solutions are given by using (11), (13) Relations (14) in combination with (8) and (10) prove the theorem.
Relation between weak, strong and exact solutions
which proves the theorem.
We first investigate very coarse meshes and take 4 , 3 = N and 5 , and compare the weak, strong and exact solutions as given in Note that the weak method gently forces the boundary condition from a (Euler) slip condition to a (Navier-Stokes) no-slip condition as the grid is refined, see also [3, 12] .
ACCURACY OF THE WEAK AND THE STRONG SOLUTIONS
The convergence rate q is defined as ( ) 
where u is the exact steady-state solution given in (8).
( ) β and 1 β are chosen on the stability limit such that (7) holds. We use the classical fourth-order RungeKutta method to integrate in time until we get a steady-state solution. We use the second-and the fourth-order schemes to compute the steady-state solutions and measure the convergence rates q as given in Table 1 . Note that the weak boundary conditions are more accurate for coarse meshes than the strong boundary conditions for the second order case. For the fourth order case, the strong boundary conditions are uniformly more accurate. The asymptotic convergence rates are the same. 
THE COMPRESSIBLE NAVIER-STOKES EQUATIONS APPLIED TO BOUNDARY LAYER FLOWS
We consider the flow on a flat plate of length L . The coordinate system is chosen such that x is the streamwise coordinate along the plate and y is the normal coordinate, perpendicular to the plate. The velocity components in the − x and − y direction are denoted u and v respectively. A compressible steady-state solution with constant viscosity and thermal conductivity is considered. We study the development of the boundary layer on the plate subject to boundary data from the Blasius similarity solution as shown in Figure 4 . A Mach number of 2 and a Reynolds's number of 10000 is used. We solve the compressible Navier-Stokes equations using second-and fourth-order schemes with weak and strong boundary conditions on different meshes. Stretched meshes are used both in − x and − y direction near the plate to capture the boundary layer features. Two different meshes, one with 0004 . 0 ) ( min = ∆y , and one with 0001 . 0 ) ( min = ∆y are used. We use weak boundary conditions on v u, and T in the weak case and implement strong boundary conditions on u and v while T remains weakly imposed in the strong case. We integrate in time until we reach steady-state. The numerically computed solutions are compared to the available tabulated Blasius similarity solutions in Figure 5 to Figure 8 . In figure 5 , we have shown normalized velocity e u u and temperature e T T and errors for a coarse mesh and second order scheme. The errors were obtained by subtracting from the Blasius solutions. It was found that the results closely follow the true (Blasius) solution. To see the accuracy of the scheme, we have computed solutions for a refined mesh in figure 7 and found that the errors decrease at the proper rate. An improved accuracy can also be obtained by using higher order scheme as shown in figures 6 and 8.
The quality of the calculations increases with increased number of mesh points and higher order of scheme. As expected the best results are obtained for the finest mesh and a fourth order scheme, see Figure 8 . 
Study of slip velocity
As we have already seen for the model problem, the weak solution behaves like an Euler solution for coarse meshes. Similar features could be observed for the Navier-Stokes equations see figure 9 . Moreover, the weak solution has the same asymptotic convergence rate as the strong solution for fine meshes. We notice that as the mesh is refined, the weak boundary conditions force the solution from a slip (Euler) condition to a no-slip (Navier-Stokes) condition.
CONCLUSIONS
Our main objective was to investigate the accuracy of HOFDM with weak and strong boundary conditions for boundary layer problems. We first considered a model problem and showed that in the limit of vanishing grid size or large penalty parameters, the weak solution converges to the strong solution.
We also showed that the weak solution is more accurate than the strong solution for coarse meshes in the second order case. We get a similar result for the full Navier-Stokes equations on coarse meshes, i.e. more accurate solutions are obtained with weak boundary conditions. On fine meshes, the strong solution is uniformly more accurate.
Appendix-1
The discrete second order accurate SBP operators Q P D 
The discrete second order accurate SBP operator 
To get energy estimate in (7), we have splitted the matrix A leading to . (20) 
